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ABS TRAC T 

A method for computing the radiation patterns of parallel-plate 
waveguide apertures  is presented. This method, which is based on 
edge diffraction theory, employs the Higher-Order Diffraction Con- 
cept. 
in closed form. 
those obtained by using the f i r s t  three orders  of diffraction. 

This concept permits  the summation of all o rde r s  of diffraction 
Calculated waveguide patterns a r e  compared with 

This method is also applicable to other types of diffracting 
structures.  Computations obtained by this method a r e ,  in general, 
quite accurate. 
fractions a r e  the same a s  those of isotropic line sources;  this approxi- 
mation leads to inaccurate results in some cases. 

However, the assumption is made that multiple dif- 
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HIGHER-ORDER DIFFRACTION CONCEPT APPLIED 
TO PARALLEL- PLATE WAVEGUIDE PATTERNS 

I. INTRODUC TION 

Edge-diffraction theory has been applied to analyze diffraction 
by antenna apertures[ 13. 
emanates f rom each edge that is illuminated by the pr imary  source. 
The singly diffracted waves again diffract f r o m  the various edges pro- 
ducing doubly diffracted waves. 
higher o rde r s  of diffraction. 

In this approach a singly diffracted wave 

The process  continues to higher and 

In general multiple diffraction effects a r e  quite significant. 
Previously, analyses were  performed by computing the lowest o rde r s  
of diffraction. 
an  i terat ive process  in which all lower o rde r s  of diffraction were cal-  
culated. The i terative process  is useful because the magnitude of dif- 
fraction diminishes rapidly with increasing order .  
discovered that all o rde r s  of diffraction can be included in calculations 
in a straightforward manner. 
the concept of including all orders  of diffraction which is denoted the 
"Higher-Order Diffraction Concept". This concept was subsequently 
found to be an  application of the Self-consistent Procedure which is 
used in scat ter ing theory. 
i l lustrated by its application to the analysis of parallel-plate waveguide 
radiation patterns.  The analysis of parallel-plate guide patterns by the 
i terat ive process  is given in Refs. 2 and 3, in which the first three o rde r s  
of diffraction a r e  included in computations. The Higher-Order Diffraction 
Concept simplifies the formulation of solutions to diffraction problems 
and increases  the accuracy of computations. 

Thus calculation of diffraction of a cer ta in  o rde r  was 

However, it was 

The object of this report  is to descr ibe 

The Higher-Order Diffraction Concept is 

11. ANALYSIS O F  WAVEGUIDE PATTERNS 

The aper ture  of a parallel-plate waveguide is shown in Fig. 1 .  
The guide angle, Qg, between the edges of the waveguide walls may be 
adjusted for  various mounting configurations, as may the wedge angles, 
WA1 and WA2. 
report .  In the TEM mode an incident plane wave propagates paral le l  to 
the axis of the guide with polarization perpendicular to the guide walls 
as shown in Fig.  1, 

Only the TEM waveguide mode is considered in this 
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Fig .  1. TEM mode in a general  parallel-plate waveguide. 

The diffraction f rom the guide aper ture  is t reated by superposing 
the diffracted waves f rom each of the wedges. 
each wedge is expressed in t e r m s  of the wedge diffraction function VB[ 1, 
2,3,4] 
Appendix I. The incident plane wave on edge 1 gives r i s e  to a diffracted 
wave 

The diffraction f rom 

The computer subroutine used to calculate VB is given in 

where r is  the distance f rom the edge and 0 is defined in Fig. 1. 
is the value of the perpendicular component of the field (magnetic field 
in this case)  for  a unit-amplitude incident field. 
f rom the edge the propagation factor 

H D ~  

At la rge  distances 
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e-j(kr t :) 
JmG 

is separable f r o m  VB. 
as 

Thus the singly diffracted rays may be written 

where the propagation factor is suppressed because only angular 
variations are of interest  here. 
specify the wedge angles; i. e,,  WA = (2-n)a 

The constants n(non-integers in general) 

Similarly, the single diffracted wave f rom edge 2 is obtained as 

A -jka cot 8g 1 (3)  R ~ 2 ( 8 )  =L sin-  e s - e  ) J cos - n2 n2 
n2 

where the factor  e-J 'ka 
at edge 2 with respect to edge 1. 

represents the phase of the incident wave 

The direction 0 = 0 corresponds to the direction of the geometrical  
Although the individual rays  R D ~  and R D ~  a r e  without limit optics rays. 

at 8 = 0, the limit of ( R D ~  i- R D ~ )  a s  8 - 0  expresses  the effect of the 
geometr ical  optics rays. 

Some of the singly diffracted rays f rom edge 1 may be reflected 
f r o m  wedge 2 as seen in Fig. 1. The reflected rays a r e  given by 

Equations (2)  and (3 )  express  the diffraction of the incident plane 
wave by wedges 1 and 2, respectively. 
expresses  an  interaction between the two wedges. 
Which arise a r e  the multiple diffractions between the edges. 
diffracted wave f rom edge 1 again diffracts f rom edge 2, resulting in a 
doubly diffracted wave as shown in Fig. 2. The reflected wave and the 
singly diffracted wave f rom edge 2 illuminate 
additional doubly diffracted waves. 

Equation (4) (the reflected wave) 

The singly 
Other interactions 

edge 1 giving rise to two 
The doubly diffracted waves in turn 
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Fig. 2. Doubly-diffracted rays. 

produce triply diffracted waves and the process  continues indefinitely 
to higher and higher o rde r s  of diffraction. 
of diffraction diminishes with increasing order.  
diffraction must  be included f o r  reasonable results and triple- and higher- 
o rde r  diffractions a r e  often necessary. 
Concept premits the inclusion of all o rde r s  of diffraction in a simple 
manner. 

The magnitude of each o rde r  
In general, double 

The Higher-Order Diffraction 

The doubly diffracted waves can be t reated as the diffraction of 
cylindrical waves because the singly diffracted waves behave as cylin- 
dr ical  waves radiating f rom the edges of the waveguide aperture.  
the doubly diffracted wave f rom edge 2 is given by 

Thus 

where the illuminating cylindrical wave intensity f rom edge 1 is given by 
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However, the Higher-Order Diffraction Concept permits  the determi- 
nation of the total higher-order diffraction from edge 2 by using the 
illumination of the total  cylindrical wave f rom edge 1. 
illumination from edge 1 may be expressed as 

The total  

where Rl(8) is the total  diffracted wave f rom edge 1 as shown in Fig. 3. 
Consequently, the total  higher-order diffraction (i. e. , second-order 
and higher) f rom edge 2 is given by 

Thus the total  diffracted wave from edge 2 is given by 

Fig. 3. Total diffracted rays.  
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It should be noted that RIG i s  unknown at  this point in the formulation, 
whereas R D ~ G  is known. The key feature of the Higher-Order Dif- 
fraction Concept is that i t  allows RIG and other unknown illuminating 
rays to be determined from a set  of simultaneous l inear  equations. 
This aspect of the Higher-Order Diffraction Concept will be developed 
a t  a subsequent point in the analysis. 

Now consider the two doubly diffracted waves from edge 1. The 
doubly diffracted wave caused by the singly diffracted ray, 

is given by 

The double diffraction by the singly diffracted ray, 

is given by 

The total  illumination of edge 1 f rom edge 2 is given by 

and the total illumination of edge 1 f r o m  the reflection of the diffracted 
wave f rom edge 1 is given by 
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Thus the total higher-order diffraction f rom edge 1 is given by 

t R l p [ v B  (La, 2-t 8) t vB (2.. % t e > ]  . 
Consequently the total diffraction from edge 1 is given by 

The principal aspect  of the Higher-Order Diffraction Concept 
is that it permits  the unknown illuminating rays RIG, R ~ G ,  and R i p  
to be determined. 
lated in terms of the three unknown rays  by use  of Eqs. (9)  and (17).  
Thus 

Three simultaneous l inear  equations can be formu- 

where the quantities VlG, VIP, and V2G a r e  the unit wave diffractions 
used in Eqs. (8) and (16). 
set of three complex equations in three complex unknowns. 
of equations is equivalent to s i x  real equations in s ix  realunknowns, 

The simultaneous equations of (18) form a 
This s e t  

Upon determination of the unknown rays the total diffracted wave 
f r o m  the aperture  may be expressed a s  the superposition of the total 
diffracted waves f rom edges 1 and 2 plus the total reflected wave to yield 
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The exponential factors  r e f e r  each t e r m  to a common phase reference 
at  edge 1. 
only in certain regions as follows: 

Each t e r m  in Eq. ( 1 9 )  contributes to the radiation pattern 

Normally truncated waveguides (8, = 90") must  be treated some- 
what differently because no reflected rays contribute to  the radiation 
pattern and 

In this case there .a re  only two unknown rays, RIG and R ~ G ;  and the 
simultaneous equations reduce to 

The total  pattern f o r  the 8g = 90" case is given by 

where the appropriate regions for  the respective t e r m s  a r e  



The solution to the simultaneous equation of Eq. (22)  i s  readily 
obtained as 

and 

The values of the illuminating rays of Eqs. (25) and (26)  can also 
be obtained by use  of the summation of a geometric ser ies .  This techni- 
que w a s  described'by Burke and Keller[ 51 f o r  the thick rectangular edge. 
By the process  of iteration the illuminating ray f rom edge 1 can be 
expressed a s  

The s u m  of the geometrical  progression which occurs in Eq. ( 2 7 )  can 
be employed to obtain Eq. (25). 
manner.  F o r  cases  in which there a r e  m o r e  than two illuminating rays 
it is necessary to use  the Higher-Order Diffraction Concept to evaluate 
each illuminating ray. 

Equation (26) may be derived in the same 

The process  of expressing the interactions between two edges in 
t e r m s  of a geometrical  progression is known in scattering theory a s  the 
Successive Scattering Procedure[6] e 
Diffraction Concept was found to be an application of the Self-consistent 
Procedure  used in scattering theory[ 61 . 

Moreover, the Higher-Order 

9 



111. COMPUTATIONS 

Tn o rde r  to compute the radiation pattern f rom Eq. (19) the 
simultaneous equations of Eq. (18) must  be solved. Since, computations 
a r e  made on a digital computer a numerical  method fo r  solving simul- 
taneous l inear  equations which a r e  in complex form is desirable. The 
Crout method[ 71 fo r  solving simultaneous equations is quite suitable 
fo r  this purpose. The computer subroutine of Richmon481 , a s  presented 
in Appendix 11, employs the Crout method and i s  used to solve the simul- 
taneous equations. The accuracy of results of the subroutine was tested 
by substituting the solved values f o r  the unknowns into the equations. 
The accuracy of the sc!utions ts the simuitaneous equations was found 
to be excellent in all cases.  The computer subroutine for  computing 
the diffraction function V g ( r ,  $) is given in Appendix I. 

The wide variety of pattern shapes available f rom parallel-plate 
waveguides is  illustrated by Figs, 4 - 10. The patterns of Figs. 4 and 
5 were  also calculated by the iterative method of Refs. 2 and 3,  in 
which the f i r s t  three o rde r s  of diffraction were  included. It is evident 
that the iterative method gives very good results for  these cases.  

The iterative method gives increasingly accurate  results f o r  
l a rge r  and l a rge r  guide widths. The accuracy decreases  accordingly 
fo r  small  guide width. In o rde r  to compare the iterative method with 
the Higher-Order Diffraction method, patterns were  computed by both 
methods for very small guide widths. In Fig,  6 the patterns of a 8g = 
90. guide with a guide width of a = 0 . 2 h  are shown. 
iterative method agree very closely except n e a r  the plane of the aperture.  
The discontinuity in the pattern computed by the i terative method resul ts  
f rom not including the higher-order diffractions, Other comparisons of 
the two methods are given in Figs. 7 and 8 for  a 8g = 60" guide. As seen 
from Fig. 7 the results of the two methods agree  closely for  a guide width 
of a = 0.3X. F o r  a guide width of a = 0.2k the difference is more  signifi- 
cant, as shown in Fig. 8. 

The results of the 

Some general  aspects of computing pat terns  by edge diffraction 
theory can be seen from observation of the figures. In Fig. 9 a discon- 
tinuity occurs at 8 = 180' as a result  of the semi-infinite guide which ex- 
tends in the 180' direction. This type of discontinuity does not occur in 
Fig. 4 for the normally truncated guide because of the symmetry  of the 
guide and i ts  patterns. In Fig. 10 it is seen  that the boundary conditions 
f o r  the 8g = 90' guide flush mounted to a ground plane a r e  not satisfied 
exactly because the slope of the pattern is not ze ro  in the directions of 
the ground plane surface. The reason f o r  the non-zero slope is the 
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Fig. 4. Pattern for Og = 90', WA1 = WA2 = 0, a/k= 0.625. 
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CLOSED FORM 
---I- FIRST 3 ORDERS 

Fig. 5. Pat tern for  eg = 30°, WA1 = 30°, W A 2  = 150', a/h = 0.423. 
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CLOSED FORM 
FIRST 3 ORDERS ----- 

Fig. 6. Pattern for eg = YO0, W A 1  = WA2 = 0, a/h = 0. 200. 
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Fig. 7. Pattern f o r  0g = 6 0 ° ,  W A 1  = W A 2  = 0 ,  a / X  = 0.  300. 
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CLOSED FORM 
FIRST 3 ORDERS 



Fig. 9. Pattern for  8g = 30', WA1 = WAZ = 0, a / X  = 0.625. 
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EDGE DIFFRACTION 
KIRCHOFF -- -- - 
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assumption used in the application of edge diffraction theory that each 
diffracted wave is the same as that fo r  uniform incident wave. In the 
guide of Fig. 10 the total wave f rom edge 1 illuminating edge 2 is approxi- 
mated as the uniform wave of an isotropic line source. However, the 
wave f r o m  edge 1 is not uniform, thus resulting in slight inaccuracy 
nea r  the ground plane. The same approximation applies to F ig .  5 but 
the slope of the incident wave i s  not noticeable, 

The edge-diffraction method for  computing parallel-plate guide 
patterns generally gives accurate results,  This is indicated by the 
comparison with mezsured pattei.iis given in Refs. 2 and 3. 
diffraction method fails in some cases  because of the basic assumption 
that multiple diffractions a r e  the same as the diffraction of an  isotropic 
line source. 

The edge 

The edge diffraction method will now be compared with conventional 
methods of pattern calculation. 
total field in the plane of the aperture  is equal to the incident field in the 
aperture  and is zero on the remaining surface of the aperture ,  and thus 
gives the pattern as 

The Kirchoff method assumes  that the 

The approximation of the Kirchoff method is most  accurate  for  the 
ground plane case, i. e., WA1 = eg and WA2 = 7~ - eg. The pattern for  
the guide geometry of F ig .  10  is a lso calculated by Eq. (28). As is 
evident, the Kirchoff method is more  accurate  in this case because of 
the limitation of the edge-diffraction method which was previously dis- 
cussed. However, the Kirchoff method is limited in the general  case 
in that it is impractical  to calculate fields behind the plane of the aperture.  

The Wiener-Hopf technique may be applied to the case for  which 
0g = 90' and WA1 = WA2 = 0 and yields the exact solution for  this case. 
The Wiener-Hopf pattern is given by[9] 

1 
e x p ( 7  ka cos 0) 

s in(+  ka s in  0 
,. 
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. 
The pattern fo r  the guide geomCtry of Fig. 4 is also calculated 

It is seen f rom Fig. 4 that the edge diffraction method by Eq. (29).  
is quite accurate for  this guide with a width of only 0 . 3 3 8 k .  
Wiener-Hopf technique is practically limited to the special  case of 
the thin-walled, normally truncated guide. 

The 

IV. DISCUSSION 

The formulation of a problem with the Higher-Order Diffraction 
Concept is as simple as that necessary to include double diffractions. 
The u s e  of the Higher-Order Diffraction Concept is somewhat more  
lengthy than use of the first and second orders  of diffractions in that 
a s e t  of simultaneous l inear  equations must  be solved. 
is relatively simple with a digital cuit,pGter which is usually necessary 
to calculate diffraction solutions. 
concept provides the high accuracy of including many orders  of multiple 
diffractions fo r  an insignificant increase in complexity of solving the 
problem. 

However, this 

Thus the Higher- Order  Diffraction 

The Higher-Order Diffraction Concept can be applied to any two- 
dimensional diffraction problem treated by edge-diffraction theory. 
The analysis of any s t ructure  formed by superposition of wedges may 
be t reated in the same manner as the parallel-plate'waveguides are 
t reated in this report. The total diffraction is composed of the singly 
diffracted waves caused by the pr imary illumination, and the total 
higher-order diffracted waves from each edge caused by the total  
illuminating rays f rom all visible edges and visible images of edges. 
The number of simultaneous equations is equal to the total number of 
unknown illuminating rays. 
is applicable to any number of simultaneous equations. 

The computer subroutine of Appendix 11 

The edge diffraction technique used in conjunction with the Higher- 
Orde r  Diffraction Concept does not give exact formulations of diffraction 
solutions even though the resul ts  a r e  generally quite accurate. The 
limitation resul ts  f rom the fact that multiple diffractions a r e  assumed 
t o  be equivalent to diffraction by isotropic line sourceso Although this 
assumption is generally quite good, it fails to be accurate in some cases. 
One case occurs  in which the singly diffracted wave resulting f rom a 
plane wave illuminates another edge. 
shadow boundary of the illuminating singly diffracted wave the assumption 
of uniform illumination is inaccurate. 
wave resulting f r o m  a plane wave has steep slopes nea r  its shadow bound- 
ary.  
is f o r  very  small dimensions between edges where multiple diffractions 

If the other edge is too near  the 

The reason is that the diffracted 

Another case  in which the assumption of uniform illumination fails 
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a r e  computed. The assumption is generally good for  dimensions l a rge r  
than a small  fraction of a wavelength. Thus limitations of the edge dif- 
fraction technique result  f r o m  the assumption that diffraction is a local 
edge effect and do not result  f r o m  the Higher-Order Diffraction Concept. 

V. CONCLUSIONS 

The concept of "Higher-Order Diffraction" is demonstrated by 
i t s  application to the TEM radiation patterns of parallel-plate waveguides. 
This concept permits all o rde r s  of diffraction to be expressed in closed 
form. Thus the computation of diffraction by s t ructures  cnrr-pcsec! cf 
_-- we~ggeu - 3 - may generally be computed accurately and simply. 

The limitation on the accuracy of the solution obtained by edge 
diffraction theory results f rom the assumption that multiple diffractions 
a r e  the same as the diffraction by isotropic line sources. 
tion may not be valid in certain cases;  e. g., when one edge is located 
nea r  the shadow boundary of a singly diffracted wave. 

This assump- 
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APPENDIX I 

The Scatran computer subroutine for the calculation of the 
diffraction function Vg( rs 4) is presented in this Appendix. The 
function VB is  calculated by either the Fresne l  integral formulation of 
Pauli o r  the cylindrical wave formulation[ 11 The F resne l  integral is 
computed by a highly accurate technique developed by Fleckner[ 101. 
The cylindrical wave formulation was programmed by M. L. Tripp. 
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APPENDIX I1 

This Appendix gives the Scatran computer subroutine for  solving 
the s e t  of three simultaneous complex equations given in Eq. (18). 
The subroutine was  programmed by Richmond[8] and employs the 
Crout method for solving simultaneous l inear  equationC71. 
m e t e r  IJK is the dimension vector of each equation and is usually 
equal to  N t 1, 

The para-  
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